Shallow one-dimensional double well potentials appear in atomic and molecular physics and other fields. Unlike the "deep" wells of macroscopic quantum coherent systems, shallow double wells need not present low-lying two-level systems. We argue that this feature, the absence of a lowlying two-level system in certain shallow double wells, may allow the finding of new test grounds for quantum mechanics in mesoscopic systems. We illustrate the above ideas with a family of shallow double wells obtained from Bargman potentials through the Darboux-Bäcklund transform.
I. INTRODUCTION
In the present Letter we study the properties of exactly soluble model consisting of a structureless particle on the line subject to a symmetric shallow double well potential, where by "shallow" we mean that the ground energy level is either above or slightly below the energy of the classical separatrix (V (x = 0).) The main purpose of the present Letter is to elucidate in which aspects the behaviour of such shallow double wells differ from that of the "deep" double wells that appear, for instance, in the description of Josephson junction based circuits exhibiting macroscopic quantum coherence (MQC).
1-3 Recently, a symmetric shallow double well potential has been used in the description of unstable phonon modes of the layered superconductor LaO 0.5 F 0. 5 BiS 2 . The model strongly suggest that a dynamical deformation of the structure of the material lies at the heart of its superconductor transition. 4 Previously a similar model, leading to similar conclusions, was proposed for the superconducting composite MgCNi 3 .
5,6
The properties of both partially fragmented BoseEinstein Condensates 7 and high-spin fermionic systems 8 in shallow double well optical traps are another example of current interest. Symmetric shallow double wells may also play a role in the well superionic transition of the AgI compound, 9,10 as we shall argue in the following pages.
In the following pages we have resorted to the Darboux-Bäcklund Transform 11 (DBT) in order to generate exactly solvable potentials. The authors have not been able to find any precedent in the literature where the DBT has been used specifically for the generation of shallow double wells although there is at least one study of DBT-generated asymmetric double wells, which is explicitly focused on deep wells in the context of super-symmetric quantum mechanics. 12 Double and multiple well potentials have also been generated in higher order super-symmetric quantum mechanics 13 with techniques closely related to the DBT, but seemingly without paying no particular attention to shallow wells.
The rest of this Letter is structured as follows: In Section 2 we describe the procedure we have used for constructing soluble shallow double wells, and describe some of the features of the resulting potentials. The significance of our results is discussed in Section 2 and finally, some tentative conclusions are advanced in Section 3.
II. PROCEDURE AND RESULTS
Exactly soluble double well potentials can be generated by a quasi-isospectral DBT starting from the dimensionless Hamiltonian
by taking ǫ < 0, the factorization energy of the transform, below the ground level, E ′ 0 = −1, of Hamiltonian (1). We start by factorizing 14, 15 operator η in the form
with the use of the linear first order operators
and
In (3) and (5) the prime stands for the x derivative, and the so called seed function u ǫ :
is a non-normalizable (thus unphysical) yet node-free solution of the eigenvalue equation
The new Hamiltonian
which is of the usual Schroedinger form:
with a potential V ǫ : R → R that can be readily expressed in terms of u ǫ as has two bounded states, namely, the ground state
with corresponding energy eigenvalue E 0 = ǫ, i. e.
and an excited state ψ
1 (x) with corresponding energy eigenvalue
An explicit, yet not particularly illuminating, expression for ψ
1 (x) can be found from the relation
where
is the normalized eigensolution of operator η for its ground level
The correctness of equation (11) can be grasped immediately by observing, from definition
and then plugging 1/u ǫ (x) at the right of (7). In a similar way, equation (15) is proven by inserting (14) in (1). From (14) and (15) equation (12) can be proven with the use of the so called intertwining relation
which in turn is proven by inserting (2) and (7) in (17) .
Plugging (5) in (9) gives us, after some algebra,
as an explicit expression for the V ǫ potentials.
From (18) it is found that relations
and 
is imposed, so that the lowest lying levels of Ξ conform an effective two-level system, then the ground level is necessarily below the barrier, i. e.
2ǫ + 2 > ǫ, Also, condition (22) warrants that the Leggett-Caldeira non-stationary solution
will oscillates between wells, tunneling through the central barrier.
16
On the other hand, in Hamiltonians Ξ ǫ with factorization energies in the interval −3 < ǫ ≤ 2 the ground level will be isolated from the rest of the spectrum by a gap wider than any gap between the rest of the levels. That is, the effective low-lying two-level approximation is inapplicable to the Ξ ǫ with factorization energies in this interval.
III. DISCUSSION
The study of shallow double wells in molecular and atomic physics could be justified by the models of superconducting transitions in layered and composite superconductors mentioned in Section I. In the case of the double well model of the superionic transition of AgI, the potential changes from an asymmetric double well to a symmetric one, with the Ag migrating from the deeper well to the position of higher symmetry. 9, 10 This suggest to us that the symmetric double well of the this model conforms to the description of shallow double wells given in the previous pages, as the probability density peak of the Ag then coincides with the higher symmetry position.
Indeed, elementary considerations shows that for any analytical even double well potential (DWP from now on) V (x) = V (−x) the ground state probability density ρ 0 (x) is bimodal (has two maxima) if the ground energy level is below the energy of the classical separatrix.
As a matter of fact, from the Schroedinger time-independent equation one gets for an even double well
where s = V (x = 0) is the separatrix energy and ǫ is the ground level energy, so that ρ 0 has a minimum at x = 0 if s ≥ ǫ. On the other hand, in the examples discussed in the present Letter, ρ 0 (x = 0) = 0, so that in this examples the probability density has a maximum at the symmetry center of the potential whenever ǫ > s.
Yet there may exist at least one more reason for the study of shallow double wells in onedimensional quantum mechanics, namely as a test for quantum theory in the mesoscopic realm. 17 Indeed, the existence of a non-degenerate ground state in a one-dimensional doublewell potential with a central barrier of macroscopic proportions would be a prediction that would certainly clash with classical physics, as classical considerations demand for such system the existence of two localized, parity-breaking, stable equilibrium states for a doublewell. And vice versa, the experimental observation of spontaneously broken parity symmetry in, for example, an effective one-dimensional nanometric heterostructure, would be a strong indication of a failure of quantum theory in describing nanometric systems. Notice that this contradiction is "solved" in MQC by the existence of a single non-stationary state that oscillates between two nearly degenerate stationary levels, a state of affairs that can be interpreted alternatively as the periodical transitions of the system between two degenerate states with a macroscopically different values of a measurable quantity. In an hypothetical macroscopic version of one of the shallow DWP's we have presented in this Letter no such "amicable" solution between classical and quantum predictions would be possible.
Finally let us comment that it may be possible to construct double well potentials with properties different from those of the better known deep wells and also different from those of the shallow wells investigated in this Letter. In particular, we know of no theorem that explicitly excludes the possibility of a DWP with a two-level low-lying system above the barrier height (the classical separatrix energy level). If an example of such a potential could be presented, it would challenge the generally held notion that "there is no MQC without macroscopic tunneling." Thus, the search for such a no-go theorem (or its counterexample)
is interesting at least from a purely theoretical point of view.
IV. CONCLUSIONS AND OUTLOOK
There are at least two distinct classes of models with one-dimensional double-well potentials for a single structureless particle in non-relativistic quantum mechanics: those with bimodal ground probability density, endowed with a two-level low-lying system and associated oscillatory phenomena, and those for which the concept of tunneling results irrelevant, in which the ground probability density is endowed with one single central peak. 
